The behavior of light scalar dark matter has been a subject of much interest recently as it can lead to interesting small scale behavior. In particular, this can lead to the formation of gravitationally bound clumps for these light scalars, including axions. In Ref.
Introduction
An ongoing challenge of modern physics is to determine the nature of dark matter, which forms the bulk of the matter in the universe. Many astrophysical and cosmological observations, including CMB, large scale structure, galactic rotation curves, and beyond, are consistent with the presence of stable, cold dark matter [2] . Furthermore, there is currently little evidence on large scales in favor of modifications of gravity (in fact there is primarily only counter-evidence). On galactic scales, the agreement between cold dark matter and observations is not as clear; for instance, the presence of cores at the centers of galaxies is non-trivial to explain in the dark matter framework [3] . Nevertheless the idea that there is one (or more) new particles that comprises the dark matter is a perfectly reasonable possibility within the framework of particle physics, especially since the Standard Model of particle physics has various short comings, including the strong CP problem. However, the identity of the dark matter particle/s remains elusive. In the event that dark matter is not directly detected on earth, it is crucial to determine astrophysical signatures that can distinguish between different dark matter candidates.
In this work we continue our investigation from Ref. [1] into the behavior of light bosons, as they may lead to interesting astrophysical consequences. In particular, we are especially interested in the QCD axion, as well as axion-like-particles, and other light scalar dark matter (that in general could have attractive or repulsive self-interactions). Our focus is on the behavior of these particles on small scales. In this case, its initial power spectrum is highly sensitive to the details of the early universe, including inflation. In particular, if these particles were formed only after a phase transition in the post-inflationary era, then causality dictates that its initial spatial distribution will be significantly inhomogeneous from one Hubble patch to the next. In the case of the QCD axion, this means that the axion would be inhomogeneous after the Peccei-Quinn phase transition. Then when the axion acquires a mass after the QCD phase transition, it would begin to evolve and red-shift with these highly inhomogeneous initial conditions on small scales.
An important consequence of these inhomogeneous initial conditions is that the evolution of the axion would be rather non-linear. This large mode-mode coupling can plausibly lead to the formation of a Bose-Einstein condensate (BEC). This is because we are interested in bosonic particles that are at high occupancy and (approximately) conserved, which are necessary conditions to form a BEC [4, 5] . The evolution of the field is highly non-linear, and possibly chaotic, but by an appropriate ensemble averaging, the dynamics can be very accurately studied within the context of classical field theory, as shown rigorously in Ref. [6] . Since the BEC is a type of ground state, and since it is driven primarily by attractive gravitational interactions, it does not exhibit long-range order. Instead it is a gravitationally bound clump [7] ; sometimes known as a "Bose star" (and can organize into so-called "mini-clusters") [8] .
Strictly speaking, a BEC is a ground state configuration, and since there is nothing in the system that will spontaneously break rotational symmetry, one can safely assume that the ground state configuration is spherically symmetric. This is the standard type of Bose star that has been considered in the literature, and it was the focus of our previous paper in Ref. [1] . If only gravity is important, then the mass of a gravitationally bound clump and its radius are inversely related R ∝ 1/M . This is reminiscent of the ground state of the hydrogen atom in which the Bohr radius is inversely proportional to the electron mass. Apart from this inverse relation there is no further constraint on the mass or radius. However, in Ref. [1] we showed that there are further restrictions on mass and/or radius when self-interactions ∆V = λ φ 4 /4! are taken into account. In particular, if this interaction is attractive (λ < 0), which is the usual case for an axion, there is an upper limit to the mass and a lower limit to the radius on stable solutions. This is because the attractive self-interaction tries to create a collapse instability when it is dominant. So it must be always subdominant, which only occurs for sufficiently dilute clumps. On the other hand, if this interaction is repulsive (λ > 0), which may happen in an ordinary renormalizable scalar field theory, there is no upper limit to the mass, but the radius does saturate towards a minimum value in the large mass regime. This is a type of polytrope with equation of state P ∝ ρ 2 .
In this paper, we would like to generalize these results to non-spherical configurations. In this case we are not in the true ground state of the system, so it may seem unclear as to the relevance of such configurations to a BEC. Hence we will consider non-spherical configurations that are specified by a fixed amount of angular momentum (related work includes Ref. [9] ). We will effectively study a different type of BEC; while an ordinary BEC is the true ground state that minimizes energy at fixed particle number, we will study configurations that minimize energy at fixed particle number and fixed angular momentum. Since angular momentum is a conserved quantity, the system will not be able to readily shed this quantity. An important question is what establishes the value of angular momentum in the first place? A full answer to this may require a simulation from the early universe to determine how much angular momentum can be maintained in different patches of the universe. Of course the total angular momentum of the universe is very small, if not zero. But local patches generically carry non-zero angular momentum, as is observed for essentially all astrophysical bodies, such as stars, planets, galaxies, etc. So we find it at least plausible that some fraction of these scalar (axion) clumps would carry appreciable angular momentum. In any case, we find that the maximum mass of the clumps in the attractive case is raised and the minimum radius in the repulsive case is also raised relative to the zero angular momentum case described above.
This leads to a second motivation for studying these non-spherical configurations: In a forthcoming paper [10] we shall investigate the possibility of resonance of axion clumps from the axionphoton-photon coupling ∆L ∝ φ E · B, as well as coupling to hidden sector photons. We shall show that whether the resonance is present or shut-off is sensitive to the spatial size and density of the clump. Since we find that the radius is increased (at fixed mass) as we increase the angular momentum (just as the eigenstates of the hydrogen atom have larger radii) and the maximum mass is increased, it alters the resonance structure.
The outline of this paper is as follows: In Section 2 we describe the basics of scalar field theory and take the non-relativistic limit. In Section 3 we introduce a class of configurations that carry angular momentum. In Section 4 we compute the properties of clumps with attractive selfinteractions. In Section 5 we compute the properties of clumps with repulsive self-interactions. In Section 6 we discuss possible astrophysical implications of our results. Finally, in Section 7 we discuss our results.
Classical Field Theory

Scalar Fields and Axions
Consider a real scalar field φ that is rather light; sufficiently light that it must be in the high occupancy regime to comprise the dark matter. It is governed accurately by classical field when an appropriate ensemble averaging is performed [6] . Perhaps the most important example is the QCD axion. This is a pseudo-Goldstaone boson from a spontaneously broken PQ symmetry, and provides a plausible solution to the strong CP problem in the Standard Model [11, 12, 13] .
At low energies we can readily focus on the two derivative action. By operating in the Einstein frame, the action can always be put in the canonical form (units = c = 1, signature + ---)
The specific form of the potential V is model dependent. For the QCD axion it arises from QCD instantons which are non-trivial to compute with accuracy. The classic dilute gas approximation gives the potential
where m u,d are the up/down quark masses, m π is the pion mass, f π is the pion decay constant, and f a is the PQ symmetry breaking scale. However, other computations have challenged the accuracy of the dilute gas approximation, leading to a more accurate estimate for the potential (e.g., see [14] )
We shall be interested in the behavior at small field values, where we can expand either of these potentials as
In both of these potentials, the axion mass is given by
while the (negative) quartic coupling λ differs in the two approximations. We can write it as
where γ = 1 in the dilute gas approximation Eq. (2) and
The axion is expected to be initially displaced from its potential minimum. Then at the QCD phase transition, the axion begins to oscillate back and forth in this potential, red-shifting and acting as a form of cold dark matter [15, 16, 17, 18] . This is known as the misalignment mechanism. Although there are complications arising from the scale of inflation [19, 20] , the usual bound on the symmetry breaking scale is f a 10 12 GeV to avoid too much axion dark matter. As a concrete example, we will illustrate our final results with representative parameters m φ = 10 −5 eV, with f a = 6 × 10 11 GeV. In this regime, the axion can comprise a significant component, or all, of the dark matter. In principle topological defects can form [21, 22, 23, 24] , such as cosmic strings, although they are unstable. For multiple minima in the potential there can be domain walls, which are problematic in this post-inflationary scenario, so we shall assume only a single minimum of the potential here.
Non-Relativistic Field Theory
By now it is standard to take the non-relativistic limit of a scalar field theory, which we briefly recapitulate here. A rigorous treatment is given in Ref. [25] , which includes the leading relativistic corrections to the non-relativistic theory. However, only the leading order, or Galilean, terms will be of significance to us here. The reason is the following: For attractive self-interactions, a maximum mass for the clumps will arise when the self-interaction energy is of the order of the gravitational energy and is also of the order of the kinetic energy. This will result in a maximum speed (we illustrate the spherically symmetric case for simplicity here; see Section 4.4 for a related treatment of the non-spherical case)
(where G is Newton's gravitational constant) and even smaller speeds for more dilute clumps. Then so long as f a is sub-Planckian (such as f a ∼ 10 12 GeV, as mentioned above, giving δ ∼ 10 −14 ) this characteristic speed is much smaller than the speed of light. Furthermore, on the stable branch of solutions, the field amplitudes are always small, which means the potential V is dominated by the mass term. So the frequency will be close to the mass m φ plus small corrections. This all fits into the non-relativistic regime.
In this non-relativistic limit, it is standard to re-express the real field φ in terms of a complex scalar field ψ as
As the scalar field φ oscillates in its potential, its oscillation frequency will be close to m φ if the amplitude of oscillations are small. This is captured by factoring for the e ±im φ t terms. Then the (important) corrections to this simple time dependence is captured in the complex field ψ, which is assumed to be slowly varying. For completeness, one should also demand that the momentum conjugate for φ is uniquely determined by ψ and ψ * to avoid the introduction of additional degrees of freedom. However we will not elaborate on those details here. It suffices to insert this form for φ into the Lagrangian density Eq. (1). Then any terms that are proportional to (powers of) e −im φ t and e im φ t can be ignored since they time average towards zero in the non-relativistic limit. Also we ignore ∼ψ| 2 /m φ terms relative to ∼ψψ terms in the kinetic part of Eq. (1). Finally, we write the metric in Newtonian gauge, where only the time-time component is important in the non-relativistic regime g 00 = 1 + 2 φ N (ψ * , ψ). Then we obtain the following non-relativistic Lagrangian density for ψ, ψ * , and φ N
The effective potential in this regime arises primarily from the leading quartic interaction
This suffices for φ m φ / |λ| ∼ f a , which is a requirement of the non-relativistic approximation (we shall check on this condition in Section 4.4).
Large field values φ m φ / |λ| ∼ f a lead to significant relativistic corrections. One consequences is that there are appreciable particle number changing processes, including 4 φ → 2 φ, etc. Such effects cause the clumps to radiate into (semi)relativistic axions, and quick evaporation (and collapse). This occurs for so-called axitons that can form in the very early universe [26] . Such configurations therefore do not last long; further discussion on this subject includes Refs. [1, 27] . Hence in order to focus on only the long lived configurations, it is justified to focus on small field amplitudes, where the particle number changing processes are suppressed. Associated with this is that the above action has acquired an (accidental) global U (1) symmetry ψ → ψ e iθ . The conserved number associated with this is
(technically this has units of energy×time in classical field theory, and so should be multiplied by 1/ to determine the correspond particle number in the quantum field theory).
Hamiltonian Formulation
In this paper we will focus on extremizing the energy (at fixed particle number, and fixed angular momentum, as we will explain). So it is important to pass to the Hamiltonian representation. In this non-relativistic limit, the momentum conjugate for ψ is simply
(after performing an integration by parts). So it will suffice to represent the Hamiltonian directly in terms of ψ and ψ * , with the understanding that they are conjugate to each other (up to a factor of i).
Note that the Newtonian potential φ N is non-dynamical. So we can eliminate it by solving its constraint equation, which is the standard Newton-Poisson equation
Solving this and passing to the Hamiltonian, we readily find the following 3 well known contributions to the energy [1, 7] 
where
These terms H kin , H int , H grav , are the kinetic energy, self-interaction energy, and gravitational energy, respectively. The Hamilton equationπ = −δH/(δψ) readily leads to the following equation of motion
where the self-interaction term is ∂V nr /∂ψ * = λ ψ * ψ 2 /(8 m 2 φ ).
Including Angular Momentum
In our previous work Ref. [1] we analyzed the above Hamiltonian in the context of spherically symmetric clump configurations. This includes the true ground states (BEC) of the system at fixed particle number. Here we would like to generalize this work by allowing for some non-zero angular momentum. Hence we will minimize the energy at fixed particle number and fixed angular momentum. Since we are still interested in stationary solutions, one can readily show that any such solutions must have the following time and space dependence
where µ is the chemical potential and Φ(x) may in general be a complicated function of position.
Single Spherical Harmonic Ansatz
A general non-spherical solution of the equations of motion is a complicated function that can be expressed as a sum over all spherical harmonics Y m l (θ, ϕ), with standard integer values
However, as a simple ansatz, we shall consider a field configuration specified by a single spherical harmonic
where Ψ(r) is some radial profile. Although non-linearities will couple different spherical harmonics to one another, we shall ignore such corrections here. In this ansatz, the total angular momentum
is readily determined to be
with particle number N = 4π
Note that L only depends on the spherical harmonic number m and not l. While at first sight this may seem surprising, it is readily understood as follows: In quantum mechanics, the expectation value of the square of the angular momentum operator ψ|L 2 |ψ in a state in which all N particles are in the same angular momentum eigenstate is
So for N = 1 this recovers the familiar result ψ|L 2 |ψ = l(l + 1). On the other hand, as we send N → ∞, this becomes ψ|L 2 |ψ ≈ N 2 m 2 , which matches the classical field result of Eq. (23) .
In this work, we will be interested in finding configurations that extremize the energy, subject to the constraint that it is at a fixed particle number (as before) and also at a fixed angular momentum. We shall see that this condition will enforce l = |m|.
By inserting the single spherical harmonic ansatz of Eq. (21) into the non-relativistic Hamiltonian, we obtain the following expressions for the kinetic energy and self-interaction energy
where the coefficients C lm (l ) arise from integrals over spherical harmonics and can be expressed in terms of the Wigner 3-j symbols as
which is only non-zero for even integers l in the domain 0 ≤ l ≤ 2l. In order to compute the gravitational energy it is useful to use the inverse distance expansion
where r < is the lesser and r > is the greater of r = |x| and r = |x |. This leads to the following expression for the gravitational energy
where again the coefficients C lm (l ) appear.
Modified Gaussian Ansatz
To make analytical progress it is useful to have an ansatz for the radial profile Ψ(r). In our previous work [1] we considered various ansatzes, including an exponential ansatz Ψ ∝ exp(−r/R), a sech ansatz Ψ(r) ∝ sech(r/R), and a modified exponential ansatz Ψ(r) ∝ (1 + r/R) exp(−r/R). The latter ansatzes were found to be especially accurate when compared to the exact numerical results. In fact in the latter two ansatzes, the small field expansion Ψ(r) ∝ 1 − r 2 /(2R 2 ) + . . . was necessary to be consistent with the equation of motion. However, for non-zero l, the structure of the small r behavior is drastically altered compared to the l = 0 case. The time independent scalar field equation at small r is
where we allow for a possible shift in the chemical potential µ → µ ef f to account for the gravitational term. As r → 0 we have the potential problem that this equation will blow up due to the ∼ l(l + 1)Ψ/r 2 and ∼ Ψ /r terms. To avoid this problem, we need to find a Ψ such that the ∼ l(l + 1)Ψ/r 2 and ∼ Ψ /r divergences cancel in this limit. It is straightforward to check that this requires
where Ψ α and Ψ β are constants. The medium to large r regime is rather complicated and requires an ansatz. Numerical experimentation has revealed that a surprisingly accurate ansatz for non-zero l is a modified Gaussian profile
which evidently has the desired properties of Eq. (31) for small r. Here the prefactor is specified uniquely in order to ensure correct normalization N = 4π dr r 2 Ψ(r) 2 . The first few, namely l = 0, 1, 2, are plotted in Fig. 1 . Here the radius R is a variational parameter, and will be adjusted to minimize the energy accordingly. In general R will be a function of {l, m}.
At very large radii, the form of the equation changes to the following
which has the same structure as the Schrödinger equation for an atom. As is well known, the solutions for this fall off exponentially at large distances. On the other hand, our modified Gaussian ansatz Eq. (32) evidently falls off faster than an exponential. Nevertheless, the modified Gaussian is found to be accurate from small to moderately large r, which is the regime that comprises the bulk of the density. So it adequately captures the essential features of the solutions with reasonable accuracy.
Energy vs Radius
We insert this modified Gaussian ansatz into the full non-relativistic Hamiltonian Eqs. (25, 26, 29) to obtain the energy H as a function radius R, number N , and spherical harmonic numbers {l, m}. In Figure 1 : FieldΨ R = Ψ R R 3 /N versus radiusr = r/R in the modified Gaussian ansatz for different values of spherical harmonic number l. Blue is l = 0, green is l = 1, and orange is l = 2.
this non-relativistic regime, we can, without loss of generality, scale out the parameters m φ , G, |λ|, by using a dimensionless radius, number, and energy, as follows
N ≡ m φ G |λ| N (re-scaled particle number) ,
In terms of these dimensionless variables, the Hamiltonian becomes
where only the sign of λ is important, as indicated in the final term ∼ λ/|λ|. The coefficients a l , b lm , c lm are positive constants, with values In Fig. 2 we set l = |m| and plot the coefficients a l , b lm , c lm versus angular momentum number |m| for 1 ≤ |m| ≤ 50. Note that the sign of m is irrelevant here, so we indicate its absolute value. The coefficients J l (l ) arise from integrating products of the modified Gaussian ansatz, weighted by powers of r > and r < . The answer is highly non-trivial, but can be expressed in terms of the hypergeometric function 2 F 1 and the regularized hypergeometric function 2 F reg 1
For l = m = 0 these a 0 , b 00 , c 00 coefficients describe the spherically symmetric theory within the Gaussian ansatz with a 0 = 3/4, b 00 = 1/ √ 2π, c 00 = 1/(32 √ 2π 3 ). However, the Gaussian ansatz is not too accurate for l = m = 0. This special case is better analyzed with other ansatzes, as we did previously in Ref. [1] . Instead the advantage of the modified Gaussian is that it becomes more accurate as we move to aspherical configurations with non-zero values of {l, m}.
Attractive Self-Interactions
Stable and Unstable Solutions
The energy as a function of radius is controlled in an important way by the sign of λ. Let us focus on the case of the axion for now, which is ordinarily associated with attraction λ < 0 (see Eq. (6)). (We shall consider the repulsive λ > 0 case in Section 5.) For any value of {l, m}, as long as N is not too large, we find that energy as a function of radius has both a local maximum and a local minimum. This is shown in Fig. 3 , where we plotH =H(R) withÑ fixed atÑ = 45 and spherical harmonic numbers l = |m| = 2. For sufficiently large N , there are no extrema (at fixed {l, m}). Figure 3 : A plot of the dimensionless energyH versus variational parameter (which is on the order of the clump radius)R for a fixed value of particle numberÑ = 45 and attractive self-interactions λ < 0. This is made within the modified Gaussian ansatz, with spherical harmonic numbers l = |m| = 2. The local maximum is associated with an unstable solution and corresponds to a point on the red curve of Fig. 4 , while the local minimum is associated with a stable solution and corresponds to a point on the blue curve of Fig. 4 .
Stationary configurations are associated with these extrema of the energy function ∂H/∂Ñ = 0. For λ < 0, this leads to the following pair of extremã
with an upper bound on the number of particles
The corresponding radius, which is the minimum radius allowed for the plus-sign solution, is
The effective size of the clump is actually related toR in a non-trivial fashion. As we increase l the true radius of the clump is parametrically different thanR. We shall define a physical radius R 90 by that which encloses 90% of the configuration's mass as follows 0.9 N = 4π
Within this modified Gaussian ansatz, we have determined it numerically for each value of l. We note that an excellent fitting function for both small and large l is found to be The corresponding branches of solutions are plotted in Fig. 4 for different values of l = |m|, using this re-scaled radius. The upper blue curves correspond to local minima of the energy function and so are associated with stable solutions. The lower red curves correspond to local minima of the energy function and so are associated with unstable solutions.
Special Case l = |m|
In this work, we only need to focus on the special case
(results are the same for m → −m). The reason is the following: We are interested in a form of BEC that minimizes the energy at fixed particle number N and angular momentum L z = N m.
In Fig. 5 we plot the energy H on the solution branches as a function of number N at a fixed amount of angular momentum number |m| = 2 for different choices of spherical harmonic number l = 2, 3, 4. We see that at a fixed N (so long as the solution exists) the energy on the stable blue branch is minimized for l = 2. In general, we find the condition for minimum energy at fixed angular momentum is l = |m|.
Large Angular Momentum Limit
Since the behavior of solutions is determined by the 3 coefficients a l , b lm , c lm , it is important to analyze their properties, especially in the limit of large angular momentum. The expression for a = (3+2l)/4 is already simple, while b lm and c lm are complicated in general. Focussing on l = |m|, as explained above, we find that the high l behavior is
where the above expression for c lm is asymptotically exact in the l → ∞ limit, while the above expression for b lm is accurate for moderate to large l, though not asymptotically exact in the l → ∞ limit. Using Eq. (43) and the exact expression for a l , this leads to the following approximation for the maximum number of particles in a clump for high angular momentum l = |m|
For example, setting l = |m| = 25, this high l estimate givesÑ max ≈ 1041, to be compared to the exact numerical one given byÑ max ≈ 1048. One may drop the final term in Eq. (50) in the large l limit, but for moderate l, it is useful to keep this term for improved precision. Similarly, the corresponding radius, which is the minimum radius allowed to remain on the stable branch, is
where we have used Eqs. (44, 46).
Regime of Validity
It is important to identify the regime in which we can self-consistently apply the non-relativistic approximation. This requires the field amplitude to satisfy
in order to assure that the frequency of oscillation is close to m φ . Since the field has angular dependence given by Y m l (θ, φ) (recall Eq. (21)), the regime of validity can depend on the choice of angular momentum.
For stationary configurations within the single spherical harmonic ansatz (see Eqs. (19, 21) ) the field amplitude is given by
where |Y l l | max is the maximum value of the spherical harmonic, which is
Also the amplitude Ψ 0 (maximum value) of the modified Gaussian occurs at r = √ l R, which corresponds to
The requirement in Eq. (52) to remain within the non-relativistic regime can then be translated into a lower bound on the radiusR for a given number of particlesÑ and angular momentum
Here the function f l decreases as ∼ l −1/2 at large l and g l is very slowly increasing. So recalling that δ ≡ G m 2 φ /|λ| = G f 2 a /γ 10 −14 for QCD axions in the standard window f a 10 12 GeV, this criteria is readily satisfied for the entire stable blue branch of solutions, for both small and large angular momentum. It only breaks down in the lower left hand corner of the unstable red branch in Fig. 4 , which is connected to axitons, as we discussed in Ref. [1] , and will not be pursued here.
Repulsive Self-Interactions
For completeness, let us now consider the case in which the scalar self-interactions λφ 4 are repulsive with λ > 0. This is not expected for the axion and a typical axion-like-particle, but it would occur in a standard renormalizable theory. So long as the particle remains sufficiently light, with corresponding high occupancy number to make up most or all of the dark matter, then it is amenable to the classical field theory analysis undertaken here.
In the modified Gaussian ansatz, the energy formula is once again given by Eq. (37). For λ > 0 the final term is now positive. This is plotted in Fig. 6 . We see that there is a single Figure 6 : A plot of the dimensionless energyH versus variational parameter (which is on the order of the clump radius)R for a fixed value of particle numberÑ = 45 and repulsive self-interactions λ > 0. This is made within the modified Gaussian ansatz, with spherical harmonic numbers l = |m| = 2. The (global) minimum is associated with a stable solution and corresponds to a point on the blue curve of Fig. 7 .
extremum, which is a global minimum, and this persists for any choice of particle number N . The corresponding solution for the radius in terms of number is
where we ignored the negative root, which would correspond to negative radius. This solution is plotted in Fig. 7 . This branch extends to arbitrarily large particle number N for any value of the angular momentum. In the large N regime, the gravitational attraction is balanced by the repulsive self-interaction. This is known as an astrophysical polytrope with equation of state P ∝ ρ 2 . Conversely, in the small N (large R) regime, the gravitational attraction is balanced by the repulsive quantum pressure (regardless of the sign of λ).
In the large N regime, the radius decreases, but asymptotes to a constant, whose value depends on the angular momentum. This value in fact coincides with the minimum value for R reported earlier in the attractive case in Eq. (44), namelỹ
Converting to the physical radiusR 90,min that encloses 90% of the mass, we showed in Eq. (51) that this grows asR 90,min ∼ √ l/(ln l) 1/4 in the high l limit. 
Astrophysical Implications
Here we would like to discuss some possible astrophysical implications of our results. Our emphasis here will be on the QCD axion, whose potential we discussed in Section 2.1, though our remarks have relevance for other models too. By returning to physical variables, we can compute the maximum number of particles N max , the maximum mass M max , and the minimum clump size R min for the stable (blue) branch as follows
where the constants from the axion potential are normalized to representative values:f a ≡ f a /(6 × 10 11 GeV),m φ ≡ m φ /(10 −5 eV),γ ≡ γ/0.3, and the coefficients are normalized to their zero angular momentum values:â l ≡ a l /a 0 ,b lm ≡ b lm /b 00 ,ĉ lm ≡ c lm /c 00 . Note that for large angular momentum, the mass and number of particles in the clump increase relatively rapidly as N max ∝ M max ∝ l 3/2 /(ln l) 1/4 , while the size of the clump increases as R 90,min ∝ l 1/2 /(ln l) 1/4 . As we began discussing in previous papers [1, 7] , it is interesting to compare the maximum number of axions in one of these clumps N max to the expected number of axions that may be somewhat localized due to the random initial conditions of the axion in the early universe. To estimate the latter number, we note that the initial conditions for the axion are essentially laid down by causality. In the scenario in which the PQ symmetry is broken after inflation, the axion is inhomogeneous from one Hubble patch to the next until the axion acquires a mass after the QCD phase transition. This is associated with an initial correlation length ξ ∼ 1/H QCD ∼ M P l /T 2 QCD . The number density can be estimated as n = ρ/m φ ∼ (T eq /T QCD )ρ QCD /m φ ∼ (T eq T 3 QCD )/m φ , where T eq is the temperature at equality ∼ 0.1 eV. So the number of axions within a correlation length can be estimated as [7] 
As we noted in our previous paper [1] , for zero angular momentum l = m = 0, this number N ξ is O(10) larger than the maximum number of particles in a clump; given in Eq. (59) for typical axion parameters. So one might be concerned that such conglomerations of particles may struggle to organize into these clump solutions. However, the situation changes when we consider non-zero angular momentum. In this case we find that for l = |m| 5, we obtain N max 10 61 , which is now sufficiently large to accommodate all the axions in a typical correlation length. This leads to an interesting possibility that in the early universe, axions may first go into these finite angular momentum states, before perhaps relaxing into the ground state at later times.
Discussion
This paper has been a natural extension of our previous work on scalar field clumps in Ref. [1] which focussed on spherically symmetric configurations only. Here we generalized this to include arbitrary non-zero angular momentum, which is a form of BEC that extremizes the energy at fixed number and angular momentum.
We laid out the full set of solutions taking into account gravity and self-interactions. This was self-consistently studied in the non-relativistic regime, which is the regime of most interest as it can lead to long lived configurations, while the highly relativistic regime is short lived due to particle number changing processes. For attractive self-interactions, the solutions organize into a stable and an unstable branch, with a maximum mass that increases with angular momentum; see Fig. 4 . For repulsive self-interactions, the solutions only contain a single stable branch, without any maximum mass, but with a minimum radius whose value also increases with angular momentum; see Fig. 7 .
In our work, we used a convenient ansatz for the spatial profile; namely a modified Gaussian ansatz, which we believe to be rather accurate. Future work is to to compute the properties of these clumps with improved precision, including mode-mode coupling between different spherical harmonics. It would be useful to have a 3-dimensional simulation of these non-spherical clumps. An intriguing possibility is whether there might be interesting behavior if they interact with one another in the galaxy.
While we previously found that the maximum number of axions in a stable BEC is a factor of a few less than the typical number that is expected to appear in a typical correlation length of the axion in the early universe, we found that with non-zero angular momentum, the maximum number of axions in a stable BEC can be larger. This may increase the likelihood that these Bose stars form in the early universe. This may also give rise to new structures in the late universe when axions fall into galaxies and has complicated gravitational interactions, allowing for non-zero angular momentum in local patches. An important subject for future work is to run simulations to determine what percentage of such Bose stars carry large or negligible angular momentum. And furthermore, what percentage of axion dark matter can be in the form of these clumps.
In a forthcoming paper [10] we will consider the coupling of axions to photons ∆L ∼ φ E · B in the context of these Bose stars. We will utilize the results derived here to compute the resonance into photons, including effects from non-zero angular momentum. This may lead to interesting astrophysical signatures.
